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We study a general corresponding principle between discrete-variable quantum states and
continuous-variable (especially, restricted on Gaussian) states via quantum purification method.
In the previous work, we have already investigated an information-theoretic correspondence be-
tween the Gaussian maximally mixed states (GMMSs) and their purifications known as Gaussian
maximally entangled states (GMESs) in [Phys. Lett. A 380, 3607 (2016)]. We here compare an
N × N -dimensional maximally entangled state to the GMES we proposed previously, through an
explicit calculation of quantum fidelity between those entangled states. By exploiting the results, we
naturally conclude that our GMES is more suitable to the concept of maximally entangled state in
Gaussian quantum information, and thus it might be useful or applicable for quantum information
tasks than the two-mode squeezed vacuum (TMSV) state in the Gaussian regime.
PACS numbers: 03.67.-a, 03.65.Ud, 03.67.Bg, 42.50.-p
I. INTRODUCTION
Quantum information science in a finite dimensional
Hilbert space not only in theory but also in experiment
has been well established [1, 2] since 1980s. It enables
us to break the limit which classical physics cannot over-
come, for many computation and communication tasks,
such as quantum speed-up algorithms [3, 4], quantum
key distribution (QKD) protocols [5–7], and non-additive
channel-capacity problems [8–10].
However, for the infinite dimensional Hilbert space,
there is still a subtle gap to the finite case of its concrete
interpretation, because it has infinite degrees of freedom
in general, and thus we must face with many unphysical
situations. For example, we know that EPR state [11] is
a kind of maximally entangled states in the continuous-
variable (CV) regime, but it is actually unphysical (i.e., it
is unnormalizable). Nevertheless, many investigation of
CV systems are steadily performed, since all of those ex-
periments are well-worked and quite easy in the setting of
the continuous-variable regime. In particular, the usual
components such as beam-splitter, squeezer, and laser
in quantum optics, are well described by only Gaussian
states and Gaussian unitary operations that are special
kinds of continuous-variable states and operations.
Though both discrete-variable (DV) and CV quantum
information theory are important, however, they have
been investigated separately without any obvious corre-
spondence in quantum information communities. Find-
ing a general corresponding principle between CV and
DV quantum regimes was suggested as in Ref. [12], but
it is still missing a comprehensible connection. As an eas-
ier question, first we can ask a correspondence relation
between DV quantum states and Gaussian states, instead
∗Electronic address: kgjeong6@snu.ac.kr
of general CV states themselves. The Gaussian states are
still living in the infinite Hilbert space (i.e., phase space)
but all the properties we are interested in are encoded
only on the covariance matrices whose dimensions are fi-
nite. Many researches have been performed on Gaussian
quantum information [13] including maximally entangled
states in Gaussian regime [14], on the contrary there is
no clear connection from infinite to finite dimensional
quantum states.
In the previous work [15], we have proposed sev-
eral candidates for Gaussian maximally entangled states
(GMESs) given by the purification process over Gaussian
maximally mixed states (GMMSs) with coherent states
as well as arbitrary squeezed Gaussian states [16, 17].
Here, we take comparisons between our specific GMES
and the maximally entangled state (MES) having N ×N
dimension. When an appropriate parameter is cho-
sen, the quantum fidelity between the MES (N > 200)
and our GMES is almost close to 0.99, that is much
greater value than the case of two-mode squeezed vac-
uum (TMSV) state, which is another well-known can-
didate for the GMES. Also we can check Bell violation
for two-qutrit cases and this result confirms the fact that
our GMES shows more violation of Bell’s inequality than
TMSV state under the constraint of the same average-
photon number.
In Section II, we introduce several ideas for the cor-
responding framework between DV quantum states and
general quantum CV (or Gaussian) states. In Section III,
we focus on the GMES case and give a brief review of pre-
vious works including quantum purification method in
the Gaussian regime. By using the analysis of Bell func-
tions and quantum fidelity on Gaussian quantum states,
main results are described in Section IV with several re-
marks. Finally, we summarize our results and discuss for
possible future works in Section V.
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2II. CORRESPONDENCE FRAMEWORK:
QUANTUM DV VS. CV SYSTEMS
Since a CV quantum state is lying on the infinite di-
mensional Hilbert space, it has the infinite degrees of
freedom in general. Therefore, it is not an overestima-
tion that a generic CV quantum state possesses poten-
tially higher resources than a DV state for performing a
quantum information processing. In this sense, finding
a specific correspondence relation between the CV state
and the DV state with arbitrary dimension is a reason-
able and important task. One of the methods is that, in
advance, find a mapping between DV states having dif-
ferent dimensions, and take a limit of dimension going to
infinity for one of those states. For an n-dimensional
quantum state, we have generators for SU(n) algebra
from the transition operators [18]. Then we consider an-
other N -dimensional quantum state with N ≥ n and
assume that N can be divided by n for the simplicity.
By using an appropriate coarse-graining method, we can
have N/n of SU(n) algebras and sum those up to finally
get the generators of SU(n) algebra fully spanned in N -
dimension [12]. The problem is arising, however, when
we take the limit N → ∞ for getting CV state. In this
limit, roughly speaking, a non-MES can be mapped onto
the MES of finite dimension. In other words, there might
be several ways of mapping MES in finite dimension to
the CV state.
There is another example showing the correspondence
between CV and DV states under nonlinear quantum
optical settings [19–21]. In fact, a coherent state is
a superposition of pseudo-number states, which are d-
modulo photon number states, and can be written as
|α〉 = 1√
d
∑d−1
k=0 |kd〉, where |kd〉 is a pseudo-number state
with ‘k mod d’ number of photons [21]. After a cross-
Kerr interaction represented by e
2pii
d nˆ1nˆ2 on the two-mode
initial state |α〉1 |α〉2, the MES of pseudo-number states
and pseudo-phase states can be produced, if |α| > d
holds, as follows:
|α〉1 ⊗ |α〉2
Cross-Kerr7−→ 1√
d
d−1∑
k=0
|kd〉1 ⊗ |k˜d〉2, (1)
where |k˜d〉 is a pseudo-phase state which is equivalent to
a 2pikd -phase-shifted coherent state |e
2piki
d α〉.
The simplest example is the quantum information pro-
cessing with even- and odd-cat states representing logi-
cal 0- and 1-qubit [22, 23]. This is quite simple but the
pseudo-number states become orthogonal only when |α|
gets larger than d and stronger cross-Kerr nonlinearity is
required. Experimental generation of this type of MES
from coherent states with large amplitude is quite chal-
lenging and the strength of Kerr interaction is extremely
weak usually.
Although it is possible to create a maximally entangled
states through the nonlinear material as in Eq. (1) above,
we can easily observe that those processes involving gen-
eral CV states are still problematic as well as unsuccess-
ful. Instead, we move our focus onto the Gaussian states
for dealing with finite degrees of freedom only. The Gaus-
sian state is a quantum state having Wigner function of
Gaussian shape or normal distribution. Since we can al-
ways displace the average value by a local displacement
operation, so the only valuable information of the Gaus-
sian states is lying on the second moment of canonical
variables, which is generally called by covariance matrix
(CvM). The CvM is positive and real symmetric 2n× 2n
matrix for any n-mode Gaussian state. Also Gaussian op-
eration over the Gaussian states is defined as a unitary
operation preserving Gaussian characteristics, which is
homogeneous subgroup of Sp(2n,R) for n-mode Gaussian
state [24].
There still exists a subtle problem of dimension-mode
matching, however, even though we are dealing with fi-
nite degrees of freedom of Gaussian states. For the sim-
plest example, let us consider a discrete quantum state
of dimension 2 (i.e., qubit) and a single-mode Gaussian
state. In this case, the number of free parameters for
both cases are 3 under the consideration of the normal-
ization. Next non-trivial example is a quantum state of
dimension 4 (two-qubit cases) and a two-mode Gaussian
state. Here, the number of free parameters of the two-
qubit state is 15, but of the two-mode Gaussian state
is only 10 [25]. Consequently, we cannot make a simple
correspondence between d-dimensional DV and n-mode
Gaussian quantum states for general cases.
III. CORRESPONDENCE BETWEEN MES AND
GAUSSIAN MES
As seen in Section II, to find general corresponding re-
lation between Gaussian states and DV quantum states is
still challenging. Thus we need to move our concentration
to the simpler case, that is, correspondence between max-
imally entangled states (MESs) in both regimes. Before
describing our main results in detail, we need to briefly
review what the Gaussian states and Gaussian operations
are, and how the maximally mixed state (MMS)/MES
can be defined in the Gaussian regime.
The EPR state can be well-matched to a MES of ar-
bitrary dimension. In Gaussian regime, TMSV state is
approaching to the EPR state in the limit of infinite
squeezing [26]. Note that, on two-mode vacuum states,
it is generally represented by
|ψ(r)〉TMSV = e
r
2 (aˆbˆ−aˆ†bˆ†) |0〉A |0〉B , (2)
where r is the squeezing parameter, and aˆ and bˆ the
bosonic field operators. The state also can be derived
from the quantum purification of the thermal state as
|ψ(r)〉TMSV =
∑∞
n=0
(tanh r)n
cosh r |n〉A |n〉B in Fock basis un-
der the condition of the average photon number n¯ =
sinh2 r. Since the infinite squeezing is not physically
plausible operation, thus we have to consider only finite
3squeezing. In other words, when we are dealing with
Gaussian states physically, we need to confine our states
in appropriate energy boundary. Then, we can guess
a TMSV with finite squeezing parameter which might
match to the MES of a specific dimension.
The thermal state can be expressed in coherent state
basis as ρth(n¯) =
1
n¯pi
∫
e−
|α|2
n¯ |α〉〈α|d2α, where n¯ is the
average photon number. As n¯ goes to infinity, it is obvi-
ous that the thermal state has uniform distribution with
respect to the coherent state basis on the entire phase
space; this fact means Gaussian maximally mixed state
(GMMS). Instead, another version of GMMS is possi-
ble [16] such that
ρGMMS|b := 1b
Cb
=
1
C
∫
b
|α〉〈α|d2α
=
1
b2
∞∑
n=0
(
1−
n∑
k=0
b2k
k!
e−b
2
)
|n〉〈n|, (3)
where C = pib2 is the normalization constant. Since the
coherent state |α〉 is a Gaussian state, this GMMS is the
convex sum of all Gaussian states within radius b from
the origin of the phase space. This state indeed has the
property of MMS in the sense that it can be used for
private quantum channel and the same holds true for its
general version including squeezing operations [17].
We can think a purification of ρGMMS|b as
|ψ(b)〉GMES =
∞∑
n=0
√
f(n, b)|n〉A|n〉B , (4)
where the coefficient is explicitly given by f(n, b) = (1−∑n
k=0
b2k
k! e
−b2)/b2 [15]. Like the TMSV state, this state is
indeed another candidate for GMES as b→∞. Also we
infer that it can be related with MES of certain dimension
when b is finite. Now we can raise a reasonable question.
Which candidate is more appropriate for the concept of
GMES? We can answer this question quantitatively in
the next section, our main results.
IV. MAIN RESULTS
We first introduce a Bell’s test on two-qutrit systems,
and investigate the violation of Bell’s inequality via com-
parison of two specific candidates having quantum en-
tanglement. For the MES of bipartite qudit system,
the amount of violation for Bell’s inequality is already
known [27]. However, the coefficients of GMESs we
proposed are not uniform under the condition of finite
squeezing and at a given boundary, so we cannot directly
apply this method to our case. Although, the analytic
formula of maximal Bell function is known, for less gen-
eral case, i.e., two-qutrit [28], as
|ψ〉 =
2∑
k=0
ak |k〉A |k〉B , (5)
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FIG. 1: Maximal Bell functions of the two-qutrit for our
GMES and TMSV state under the average photon number
n¯. The maximal Bell function of the GMES is larger than of
TMSV state after reaching around the local realistic bound
2.
where ak’s are real coefficients and ∀k, |k〉A(B) denote
the orthonormal basis for the qutrit on the system A(B),
respectively. For the two-qutrit case, the Bell-CHSH in-
equality can be expressed as [29, 30]
−4 ≤ B ≤ 2. (6)
Also, the Bell function or operator B is written as in the
form of
B :=Re [Q11 +Q12 −Q21 +Q22]
+ 1√
3
Im [Q11 −Q12 −Q21 +Q22] , (7)
where Qij is the correlation function between Alice’s
and Bob’s measurements for two observables (∀i, j ∈
{1, 2}). Then, a maximal value of the Bell function,
Eq. (7), is known as Bmax = 4|a0a1| + 4/
√
3(|a0a2| +
|a1a2|) [28], if max{|a0|, |a1|, |a2|} ≤
√
18 + 9
√
3/2,
which is in our case we want. We have ak =
(tanh r)k/
√
1 + (tanh r)2 + (tanh r)4 for the TMSV
state, and
ak =
√
1− Γ(k+1,b2)Γ(k+1)√
−e−b2 − Γ (2, b2)− Γ(3,b2)2 + 3
(:= bk) (8)
for our GMES, where Γ(n + 1, b2) =
∫∞
b2
tne−tdt is
the incomplete gamma function. (Note that, for con-
venience, bk emphasizes the boundary radius b in the
Gaussian state.) In Fig. 1, it is shown that our GMES
has higher value for the maximal Bell function than that
of TMSV state after passing the local realistic bound,
though the difference is not so much. Note that in the
limit of n¯→∞, then the value of maximal Bell function
is ∼2.873—it was known for maximally entangled two-
qutrit states. For the low range of the average photon
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FIG. 2: (a), (b) Fidelities between GMESs/TMSV states
and MESs of N × N dimension. Fidelities of GMESs are
much higher than of TMSV states for those N = 5, 20, 200,
and 1000. (c) Fidelity between various MESs and GMES of
b = 15. The maximum fidelity is around 0.99. (d) Fidelity
between various MESs and TMSV state of r = 5. Also, the
maximum fidelity is achieved around 0.9.
number (n¯), our GMES has the maximal entanglement
more effectively, because the average photon number is
one kind of physical resources for generating a quantum
state in real experiment.
For our original purpose, however, we need more di-
rect comparison for the maximally entangled states. In
this reason, we will check which dimension of MES cor-
responds to the TMSV state or the GMES with finite
parameters by calculating a fidelity between those states.
The fidelity between two pure states |ψ〉 and |φ〉 is gen-
erally defined by F := |〈ψ|φ〉|, thus we easily calculate
and plot these results as in Fig. 2. Note that in the
limit N → ∞, fidelities converges unity for both cases.
However, our GMES is much more practical in a sense
that the fidelity is already over 0.99 for N = 200. On
the contrary, for the case of TMSV state, the fidelity is
around 0.9 even for very high N . In other words, if we
want to make a kind of Gaussian state which corresponds
to N ×N -maximally entangled state, our GMES is more
appropriate than TMSV state. For the converse cases, as
in Fig. 2 (c) and (d), also we obtain high fidelities when
we use the GMES of specific b. It can be understood that
our GMES comes from the uniform distribution Eq. (3)
but TMSV state from the thermal state whose distribu-
tion is Gaussian. Since our GMMS already has “infinite
temperature” within a boundary b, the purified state in
GMES has more uniform distribution that corresponds
to the discrete-variable MES.
Experimentally, it is well-known that TMSV state
can be generated for relatively small squeezing param-
eter [31]. Although we don’t have concrete idea for gen-
erating our GMES, but we have for GMMS. An input
coherent state passes through a phase shifter and a beam
splitter, and assume we don’t know phase and transmis-
sivity. Then a final state has completely unknown phase
and amplitude, the only boundary b can be estimated
from the input amplitude. This is the exact GMMS as
in Eq. (3).
V. DISCUSSION
We showed that the two-mode Gaussian maximally en-
tangled state (GMES) we proposed has more proper cor-
respondence with discrete MES than the TMSV state.
There might be many kinds of Gaussian maximally en-
tangled states in contrast with discrete cases. Our GMES
is might be optimal, because it is from the uniform dis-
tribution Eq. (3) although more consideration is needed
for its rigorousness.
Unfortunately, there are several problems we have.
First of all, we don’t know yet the method for experimen-
tal realization of the GMES. It can be obtained from the
purification of GMMS or be from another method. Sec-
ond, we only investigated the corresponding relation be-
tween MMS/MES in the Gaussian and discrete regimes.
Especially, only two-mode state is enough for this MES-
GMES correspondence, beside we should consider multi-
mode Gaussian states for general cases. Multi-mode
Gaussian states have rich structure like genuine multi-
partite entanglement, but also have very different struc-
ture even for three-mode cases [32].
Another interesting problems can be found from bound
entangled states, which are entangled state but cannot be
distillable. For the discrete case, the minimal dimension
of the bound entangled state is 2⊗4 or 3⊗3. On the con-
trary, 2 ⊕ 2 modes is minimum for Gaussian states, but
there is no bound entanglement for 1 ⊕ n modes [33].
This implies that the mode-dimension correspondence
problem is still open, and we will study bound entangled
states in both regimes for the next simplest case.
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